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SUMMARY

The theory of the steady-flow, tinear type of crossed-
Jield, d-¢ plasma accelerator, tdealized for the case
of no wall friction and no transfer of heat as such
to or from the plasma and specialized to the case of
constant static temperature and constant cross-sec-
tional area of flow, is developed from the individual
equations of motion of the three components of the
plasma.  The results are more comprehensive, more
nearly complete, and more accurate than previous
results on this type of accelerator.  The effect of the
won eyclotron angle wr, which is the product of the
ton cyclotron frequency and the ion mean free time
between collisions with neutral particles and which
iy proportional to the axial component of the ion stip
velocity, on both Joule heating rate and accelerator
length is included in the results and is shown to be
small only for values of about 1078 vadian or less.

INTRODUCTION

The theory of the steady-llow, linear type of
crossed-field, d-¢ plasma accelerator, idealized for
the case of no wall friction and no heat loss from
the plasma and specialized to the case of constant
static temperature and constant eross-sectional
arca of flow, is developed herem. The theory of
the aceelerator for the same case has previously
been treated (for example, in refs. 1T and 2) on
the basis of the equations for the one-dimensional
flow of the center of mass ol the plasma. The
results so obtained have two faults. The first,
which is Inck of completeness, can be remedied by
additional analysis based on the equations of
motion of the electrons and the ions.  For ex-
ample, expressions [or the axial component of the

applied electrie field, an important quantity that
could not be obtained from the analyses based on
the equation of motion of the center of mass, have
been so derived and several are discussed and
compared in reference 3. Furthermore, it is desir-
able to have equations for certain additional in-
formation, such as the magnitude of the deviation
of the average ion veloeity divection from the
divection of the average neutral-particle veloeity.
Apparently, the cquations for obtaining this and
similar results have not been presented exeept in
reference 2 and there the drag of the Coulomb
forces was not taken into account. In the pre-
vious analyses of the accelerator, a less accurate
form of the generalized Ohim’s law was used than
15 used in the present analysis.  Because of the
use of the more accurate form, the results of the
present analysis are more nearly exact, but, as it
turns out, the improvement in accuracy is sig-
nificant only for sufficiently large values of the
evelotron angle wr of the jons.,

The present paper develops the theory of the
accelerator from the individual equations of mo-
tion of the three components of the plasma. It
thus constitutes a single unified treatment that
obtains the basie results that have been obtained
previously but obtains them with somewhat
greater accuracy, and also the additional results
(such as axial component of the eleetrie field and
ion velocity vector) (hat come only from the
equations of motion of the charged particles. 1t
1s a more comprehensive treatment than previous
ones and therefore should serve to clarify certain
aspects about which there may have been some
uncertainiy in the past. It makes rather casy the
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taking into account of the long-range forces be-
tween charged particles, does not require any
consideration of the components of the tensor form
of the electrical conduetivity, and shows the effect
of ion slip on both Joule heating rate and acceler-
ator length.

In reference 2, for better insight into the plasma
physies that is involved in the accelerator, an
analysis from a microscopic, or particle, point of
view was presented. A portion of that analysis
is repeated herein to emphasize what the actual
basic physies of the acceleration process is and
thus to provide a background for the analysis from
the macroscopie poini of view,

SYMBOLS

The rationalized mksq system of units is used
herein.

B magnetice induction, webers/m?
o Il];;ﬁz ‘:3 . .
c? constant, %\l"u*’r:p—[,mﬁa dimensionless
e, specifie heat at constant pressure, joules/ke-
°K
v churge on positive ion, coulombs
E clectrie field strength, volts/m
1] current density, amp/m?
k Boltzmann’s constant, joules/particle-°K

m mass of particle, kg
A Mach number, herein identical to M,

n number density, particles/m?
P pressure, newtons/m?

) collision cross seetion, m?

¢ time, see

T temperature, °K

" dimensionless variable, ﬁ;‘efx
el3
v velocity, m/see
w  veloeity of ion in moving coordinate system,
ni/sec
- distanee in axial direction, m
Y distance in vertical direction, m
A collision rate per unit volume, m=3 sec™!
« degree of lonization, o m
T [P T
8 rate of flow of neutral particles per unit area,
gy 7, constant, particles/m?-sec
¥ ratio of specific heats
€ interaction parameter, newtons-m’-sce

€ permittivity of vacuum, (367 3<10%) ! farad/m

¢ limensionless length, 20‘66’,(} R
kT,
X constant, :Jf: dimensionless
23
A rquantity in expression for cross section
for long-range encounters, dimensionless
« constant, e 212; dimensionless
23
) mass density, kg/m?
7 scalar electrical conductivity, mhos/m
T mean free time, see
w syclotron frequency, see™!
Subseripts:
¢ center of mass
f linal
0 mmitial
x somponent in z-direction
Y somponent in y-direetion
i, j  mdices indlicating species
1 oleetron
2 ‘on
3 neutral particle

Syimbols defined as veetor quantities by use of
bold-lace type are represented in italic type to
imdic: te scalar quantities,

FRELIMINARY BACKGROUND MATERIAL

A schematie diagram of a longitudinal section
along a continuous-flow, linear type of crossed-
field, d-¢ plasma aceelerator is shown in figure 1.
The cathodes are shown in the upper wall and the
anodes in the lower wall, the imposed magnetic
field is directed normal to and out of the plane of
the paper, and the electrie field is in the plane of
the paper and directed upward, perhaps at a
slight angle to the vertical for reasons to be
discussed subsequently.

Cathodes-.__

]

- . ~ .

Anodes---

Ficure 1. -Schematic of plasma aceelerator.
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Coneepts of the basic mechanism of the plasma
accelerator, that is, coneepts as to the manner in
which the charged particles in a three-component
slightly ionized plasma aceelerate the bulk of the
plasma, can be developed from (wo points of view,
From the microscopic point of view, the behavior
of an eleetron and of an ion in electrie and mag-
netic flelds that are normal to each other is
examined. If there were no collisions, the paths
of both ions and electrons would corsist of
helical motion with a superposed drift.  The 1wo-
dimensional projection of these paths in a plane
normal to the magnetic field would be a series of
cyeloids that lie along equipotential lines in a
direction normal to both the electrie and the mag-
netie field.  Beeause of the difference in mass, the
size of the eycle differs for ions and electrons, and
beenuse of the difference in the sign of their elee-
trie charges, the sense of rotation is opposite for
the two. But the average direction and magni-
tude of veloeity are the same for the two, M:

BB
in the absence of collisions,  There are, of course,
collisions, and the effects and the results of these
are discussed in the next section.

From both the microscopic and the macroscopic
point of view, it will be seen that the aceelerating
force on the plasma derives principally from the
ions which, between collisions, are aceelerated by
the fields and then, by collisions with neutral
particles, drive the neutral particles along the
channel.  From the maecroscopic point of view,
the driving force is also shown to be the Lorentz
force on o current in a magnetic field, j<XB per
unit volume, where the current will be shown to
consist principally of the flow of clectrons.  The
microscopic method is used herein to provide
insight. into the physics of the process and the
macroscopic method is used to provide quantita-
tive results for use in designing accelerators.

QUALITATIVE ANALYSIS FROM PARTICLE POINT
OF VIEW

Because of the large difference in the masses of
electrons and jons, these two species behave
differently in crossed fields in a three-component
plasma; that is, they have different mean free
times, different eyclotron frequencies, and different
velocity directions and magnitudes. The desir-
able behavior on the part of each is discussed first.

Because of its comparatively small mass, an
electron cannot impart much momentum at a
collision with a neutral particle. It is therefore
not undesirable that the electron make many
cycles between collisions with neutral particles
and thus have its veloeity veetor directed essen-
tinlly at random just before collision.

On the other hand, the ion should make, on the
average, just a portion of a eveloid between colli-
sions with neutral particles. It is perhaps well to
reiterate here that the basic acceleration process
is considered to be first the acquisition of addi-
tional momentum from the cleetrie field by the
ion, then the transfer of this additional momentum
to a neutral particle by collision, and then the
equal distribution, on the average, of this addi-
tional momentum over the ny/n, neutral particles
per ion. The portion of the exeloid that it is
desirable for the ion {o traverse is one for which,
on the average, three conditions are satisfied.

The first of these conditions is that, on the
average, at collision the fon’s veloeity is a specified
amount greater than the average forward velocity
of the neutral particle.  Satisfving this condition
allows additional momentum 1o be imparted to
the neutral particle at a specified rate.  Part of
this additional momentum goes into random
motion of the particle and tends to raise the tem-
perature of the gas. On the other hand, the cooling
effeet associated with aeceleration of the plasma
tends to lower the temperature.  Thus, satisfving
this condition results in a partial control over
temperature.

The second condition is that the collision oceurs
when, on the average, the instantaneous direction
of motion of the ion is in the direction of the axis
of the channel, The reason for this condition is
that it is desirable to drive the neutral particles
axially along the channel and not toward a wall.

The third condition is that the ion travels on
the average along the axial direction—that is, in
addition to moving axially at the time of collision,
the average velocity of the ion should lie along the
direction of the axis and not be directed toward a
wall where on contact with an electrode the ion
would be neutralized.

Some of these three conditions are mutually
contradictory, but usually mnot seriously so.
First, one notes that the ions’ paths without
collisions ¢an be a series of prolate. common, or
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curtate eycloids. A cycloid is generated by a
point within, on, or without a rolling circle, the
center of which moves with a constant velocity

of translation If the distance of the

EXB
BB’
generating point from the center of tho cirele
is less than the radius of the cirele — LEj—y the
«(B-B)
point deseribes a prolate cycloid, as shown in
figure 2. TIf the velocity of the generating point
with respect to moving axes fixed in the center
of the eirele is designated by w, then the instan-
taneous velocity of the lon with respect to co-
ordinates fixed in the laboratory is

ExXB
e

What is desired is that, on the average, the
ion’s path be the result of repeating a small
section of this cycloid (fig. 2)--the section be-
tween the two indicated points, a section for
which the initial and the final directions are
nearly the same and which approximates a straight
line. This desired result is perhaps more easily
seen 1n the hodograph plane, as in ﬁguro 3. The

instantaneous velocity of the ion i1s —z= ~——|—

The neutral particle has the velocity vy 1)(\f()1'0

b4

ExB
BB

Fraure 2.- -Path of ion without and with collisions.

Froure 3. -Hodograph of ion-neutral particle ecollision

process.

collision.  The ion has the initial velocity v, ,
in its free path after its previous collision and is
accelerated to vy, before the next eollision. At
collision, its veloeity vector remains on the same
small sphere on which it lay when its value was
Vap, and the veloeity of the neutral particle re-
mains on the larger sphere.  (These spheres have
a common center and are represented in fig. 3 by
circles ) These velocity vectors lie at the op-
posite ends of collinear radii of the two spheres,
both Lefore and after collision. 11 the scattering
is isotropic in the center-of-mass svstem, then,
on the average, the two velocities after collision
lie at the mutual center of the spheres. Thus,
on the average, at a collision the ion gives up
the velocity inerement it gained from the electric
ficld botween collisions and returns to the initial
velocity in its free path, v,, By inspection
of figure 3 it can be seen that, since the radii
of the Lwo spheres are i inverse ratio to the masses
of the pzlrticlvs the neutral particle on the aver-

age gans Of the difference in veloeity that

m
,’T‘
existed b('fore the collision. From figure 3 it can

also be seen that the velocity lost by the ion at a
.. . . 1 . .
collisicn is the fraction — — times the difference

("

my 2

betwen its average velocity v, (w])i(-h is equal

ﬁ) and the veloeity of the neutral

particle vy, This result comes from use of the
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hodograph and does not account for thermal
motions. An unpublished analysis by  Adolf
Busemann of the Langley Rescarch Center has
shown that, if thermal motions of the ion
and the neutral particle are taken into account,
1
m,

24

My

the above fraction becomes approximately

msg . . . .

or ———- Thus, since the ion loses in veloeily

my,+mgy :

at a collision what it gained in veloeity from the

electrie field between collisions, one ean write
that

moMm. v
Ma(Vy ,— Vs )= = (vo—w))=elyryy

my-+my

Thus, the horizontal component of the electrie
field is
momz 1

Jo =T
Myt M3z €73

(vo— V)

as was derived in referenee 2. This result is re-
peated here only for subsequent use in demon-
strating that the expression for ££, derived in a
subsequent section agrees within a neghigibly small
amount with this result from the hodograph.

The analysis of the accelerator on a microscopic
or particle basis can be extended much further
but to do so is not necessary as the analysis has
been carried through on a continuum basis. It
may be mentioned, however, that of the three
desirable conditions discussed, the first two are
adopted in the subsequent analyvsis. The first
one is, in effeet, adopted because constant static
temperature is specified. Thus, the rate of accel-
eration is specified 1o be such that the decrease
in temperature due to acceleration is just com-
pensated for by the increase in temperature due
to Joule heating. The second condition 1s udopted
in order that the driving foree on the neutral par-
ticles may be directed parallel to the axis of the
channel. The third condition cannot then be met
and the average ion velocity veetor is directed at
a slight angle above the axis, as ean be seen from
both figures 2 and 3. Equations for determining
the magnitude of this angle are derived n a
subsequent section.

QUANTITATIVE ANALYSIS FROM MACROSCOPIC
POINT OF VIEW

In order to analyze the plasma accelerator from
a macroscopic point of view, the equations of

-

motion, of energy halance, and of conservation of
mass arc¢ written in terms of average velocities.
The three equations of motion for the three species
in a three-component plasma have been adapted
from those given by Schliiter in reference 4 and
quoted also in reference 5 (section 48) with the
addition of thermal-diffusion terms which, of
course, are not needed for the present analysis.
Equations of motion for the charged particles
were derived in reference 2, but they do not in-
clude the effects of Coulomb forces; therefore,
Schliiter’s equations, which do include these ef-
feets, are used herein. Schliter's equations of
motion, all other equations taken from references
5 and 6, and all data have been converted to the
rationalized mksq system of units.  The equations
of motion for the eleetrons, ions, and neutral
particles are, respectively,

My Vi (T V) + W P4 ey (V— Vi) -1 0y iers (V— W)

= — (v XB)—nieE (1)

WM Vo (WV2) 19 Pt Myitgea (Vo —V3) + manyen (Vo —¥y)

=00 (VX B)Y+n.cE - (2)

Ny V4 (W Vy) +V Py 1~ tghies; (V3— Vi)

+Fnghsen (Va—va) =0 (3)

Consider first equation (1). The two terms on
the right-hand side express the foree exerted on
the electrons by the applied magnetic and electric
fields. The last two terms on the left-hand side
are the “friction drags” on the electrons eaused
by, respectively, encounters with neutral particles
and encounters with ions. The drag is set pro-
portional to the velocity difference and propor-
tional to the number density of cach of the two
specics.  The proportionality factor is e, which
thus becomes the “friction coefficient” or mter-
action parameter between particles of species ¢
and particles of species 7. In a subsequent section
is discussed the determination of the value of the
e terms Tor (a) encounters of charged and neutral
particles from kinetic theory, quantum theory,
and experimental values of mobilities of charged
particles, and (b) encounters of charged particles
from the theory of long-range encounters.

The first two terms on the left-hand side of
equation (1) will be negleeted in the present anal-
ysis. They are the termt for the aceeleration of
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the electrons under the net effect of all the forees
and the gradient of the partial pressure of the
electrons.  The negleet of these two terms ean be
justified by comparison of their magnitudes with
the magnitudes of the other terms in the equation.
A typical set of values, ealeulated from the results
of the present analysis, shows that the order of
magnitude of each of the last two terms on the
left-hand side and of the two terms on the right-
hand side is about 10° to 10° newtons per cubic
meter, whereas the orders of magnitude of the
accelerntion term and the pressure gradient are
respeetively, 1077 and 10 newtons per eubie meter.

One further term that has been negleceted is the
time-dependent variation, at a fixed loceation, of
cleetron momentum, since only the steady-state
case s considered herein. It may be obseirved
that Schliiter's notation A indicates the substan-

dt
D ..
i’ which is oY
quantities are negleeted herein in the equations of
motion of electrons and ions, but the second one
1s retained in the equation of motion of the neutral
particles, where, instead of (v. w)v, the equivalent
expression v(wv) is used.

The equation of motion of the ions is very
similar to that of the electrons. The same simpli-
fications enne be made.  For a tyvpical case, the
acceleration term and the partial pressure gradient
have magnitudes of ubout 10° and 10, respectively,
and can be neglected in comparison with the other
four terms, which are of the order of 10° to 10
newtons per cubice meter each,

Equation (3) is the equation of motion of the
neutral particles.  Here again the term containing

tinl dervative y + v.w. These two

0 .
o has been omitted because only the steady state

The aceeleration and the
pressure gradient terms, the first two terms on
the left, are large enough to be retained beeause
they are functions of ny and, since the present
analysis is made to apply to a slightly jonized gas

s being considered.

(whether the jons are of the same original species
as the neutral particles or are of some other species
used as seeding material), 2y is much larger than
ny. Thus, in a typieal ease, the first term in
equation (3) may be of the order of about 103
newtons per cubie meter, the second term about
107 and the third and fourth terms about 10° to 10%,

As 18 pointed out in reference 5 (section 48) the
cquaticn of motion for the center of mass of the
plasma can be obtained by addirg together the
three individual equations of motion (eqs. (1) to
(3)) with all terms retained in the equations, This
addition yields, for ny=rn.,

pvc(vv(:)+vl; :A'j XB

In this addition, all the “friction” forces between
various components of the plasma have dropped
out, inasmuch as these forees cannot cause motion
of the center of mass of the plasma—that is, ¢,
must equal ¢;,.

For subsequent use, equations (1) and (2), with
the first two (relatively small) terms in each
neglected, are added.  The result is

Ny nges(Vi—V3) + tiot yeay (Vo — ¥y)
=me(v,—v) XB=j>*B
for
=1, (4)

and wi h the conventional definition of j,

i=ne(vi—v) (5)

Previous analyses of the plasma aceclerator used
the equation of motion of the center of mass, to-
gether with equations expressing conservation of
mass atud of energy of the center of mass. A some-
what d flevent procedure is followed herein, in that
there a e used, as the basic equations that deseribe
the fluid dynamics of the problem, the equation of
motion of the neutral particles, an equation ex-
pressin r conservation of mass of the neutral parti-
cles, an:l an cnergy balance equation that is written
under he assumption that all of the change in
energy of the plasma oceurs in the energy of the
neutral particles.  The self-subsistent equations
of motion of the charged particles are used some-
what a+ auxiliary equations, both to permit solu-
tion of the fluid-flow problem and to obtain
additioial results. Only the case of constant
cross-scetional area of the channel is considered ;
thus, ecnservation of mass of the neutral particles
is expressed by

Ve (yvy) =0 I
or ()

nyry .= Constani = [3]

Under the assumption that any change in energy
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occurs only in the energy of the neutral particles,
the energy balance equation is

HalltyC Vs Vst namy(vy - vy) (vvy)=E J

The further restriction is made that the tempera-
ture of the neutral particles is kept. constant along
the length of the channel.  As was pointed out in
reference 2, there are justifiable reasons for this
restriction. At the present state of development
of the art, it seems reasonable to expect that a cer-
tain minimum temperature is required to main-
tain a given degree of thermal ionization in the
plasma. At this point it is also appropriate to
mention that heat transfer to or from the plasma
by conduction, convection, and radiation 1is
neglected herein. The energy balance equation
thus becomes

13my (Vs ¥3) (Vg)=E . (7)
under the condition that
T',=Clonstant (8)

It may be mentioned that the restriction of con-
stant static temperature simply means that the
effeets of Joule heating on temperature and of the
Lorentz foree on temperature are made to be
equal and opposite.  This restriction could be ap-
plied in the present analysis cither by deriving an
expression for grad 7y and determining the con-
dition for which it vanishes, as was done in ref-
erence 2, or by setting grad 7 equal to zero in
the energy-balance equation and wherever else i
appears.  Both methods lead to exactly the same
result.  The latter method was used herein.  The
general gas law ecan be used, expressed as

Ps=hsk Ty @)

When the degree of ionization a is small, it can
be expressed as

a=""=Constant (10)
lig

In order that the plasma will be accelerated along

the axis of the channel and not toward a wall of

the channel, the Lorentz force should be parallel

to the direction of the axis.  Thus, with the z-axis

of the coordinate system in the same direction as
622079 - 62— 2

the channel axis, there results the condition
Py =1, (11)

The condition that the neutral particles flow in
the direction of the z-axis is that

v3,,=0 (12)

The Mach number of the flow of neutral particles
1s given by
Mty

’Y“‘ [Iid = kjv;'*

(13)

When both v~ and y-components are included,
equations (1) to (13) constitute 16 simultaneous
equations in 16 dependent variables.  The equa-
tions with both r- and y-components are equations
(1), (2), and (5). (The y-component of eq. (3)
18 tantamount to eq. (11).) The 16 variables
are the sealars 1, n., ns, p;, and Ty, the two com-
ponents cach of the vectors vy, v,, v, E, and j
and the w-component of M. (For simplicity,
the vector notation and the subseript 3 are
omitted herein from A, and A7 is understood to
mean My.)  In order that the number of variables
may not exceed the number of equations, the
quantity B is taken to be constant. Speeilving
that B rather than /£, shall be constant appenrs
to be advisable, if for no other reason than that
the length of the aceelerator varies approximately
as the squarve of the final Mach number, as is
shown i reference 2; if F, were held constant
and B varied in such a manner that the static
temperature of the plasma remained constant,
the lTength of the accelerator would vary with the
fourth. power of the final Mach number, as is
shown in reference 7. Tn a subsequent section,
ey and ey will be shown to be, for given species,
funcetions only of temperature and, since tem-
perature is constant in the present analysis, so
are these e terms. The quantity e, will be shown
to be a function of the (constant) temperature
and  proportional to the logarithm of »n, It
can, therefore, to a sufficiently good approxima-
tion, be considered a constant.

The plan of the solution of equations (1) to
(13) is first to find expressions for the components
of the velocities of the charged parvticles and for
the components of the eleetrie fiekd, all in terms
of vy (or M). Then these results, together with
the other equations, are used for eliminating from
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equation (3) all dependent variables other than M
The resulting equation is integrated to provide
the variation of M {or vy with r. Thus, since
the other variables ean be expressed as Tunctions
ol vy, the vartation with » of all the dependent
varinbles 1s obtained.

In order to derive expressions for the conipo-
nents of the veloeities of the electrons and of the
ions, equations (1) and (2), with the first two
terms in cach negleeted, The veetor
product of equation (1) and B is fornred.  From
the resulting equation the quantity v; <X B is elin-
inated by means of equation (1) and v, X B 13
eliminated by means of equation (2).  After col-
leetion of terms, there results the equation

are used.

[gea) 4 2nger30061, 1+ 2 [V,

= Nalgerz (€25 €15) ¥
-1 Qigers) F nangers(eos+ €13) | ¥
—1?3613€(V3><B)

N';G];;(JET( E><B) (14)

Similarly, the veetor product of equation (2) and
B is formed. From the resulting equation the
quantity v.><B is eliminated by means of equa-
tion (2) and v 3<B is ecliminated by means of
equation (1).  After collection of terms, the re-
sulting equation is

[(Hyea)2-E 2nangersens 102 32 v,
v+ [ (n€23)*
F el ey)] vt nyencE

“igesze (VX B) +eX(EXB)  (15)

= nytigers (€ —€13)

A new dimensionless variable u and new dimen-
sionless constants are defined as follows:

Hyé€sy

Y

€
Ny €

II{GH

eB

No€pn

Y 3

atnd are introduced into equations (14) and (15).
Then simultaneous solution for v, and vy of the

ADMINISTRATION

two equations results in
[Cn2bcpn2+ 1) (N2 4+ 2pd 4 1) - wlu (1 —X)2) v,
S0 2 1) (N5 A

—pw (1 =N (1 +urAulju? vy

—[(N-F- -t A)ae? )\] ]f (vy'B)
— . - ,u h
POV - A w1 A i E

AL bt u? }Bl (EXB) (16)

[ 2pu -+ D (NP 280uu -+ D) 4 a2 (1— N2 v,
SO -b ) (W2 b 24 1)
P (1=X) (N M) [ vy

FINAF A w1 L (v X B)

B
SRLCTESWIEESIEY >
%—[(:A2+)\p+u)uz+l]jzz(EXB,) (17

Frou equations (16) and (17), the z- and y-com-
ponents of v, and v; can readily be shown to be
given by the following cquations:

[P 2w - 1) (N - 20+ 1) - p2d (0= N2
= (2w 1) (N +p M)
= (1= N) (14 g Agw) [y

W R N[y RN R IR WIS TR

(13}
|42+ 1) (A2 4- 20w -+ 1) + g2 (1 — N2y,
=[N pA M)+ Nurg .

5 ¢ N
*l(/\’iﬂ +’>\#)"2‘+’)\I B 14‘!/

.

gt 1] ’[‘; (19)

[ 2 1) (N2 =20+ 1) A-p2u (T =02y
=1 (1 p M) (A2u2 2 0 +-1)
F (1 =N (A2 p- M) Juleg ,

—[(1+

FINF g Ap) -+ 1] = /

]

I
HI NNt p) w? 1] ’B” (20)
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[(12 422 - 1) (N2 2 2+ 1) 1= X)2ey,,
=—{AA+p+rud+1ury

+-ptu

A pt ) +1]B Yy

ot e @

Equations (18) to (21} are valid for general appli-
eation when the accelerations and the pressure
gradients of the charged particles are negligible,
The next step is to obtain expressions for /£, ard
7, i terms of i and r5 . for use in eliminating £,
and f7, from equations (18) to (21).  The expres-
sions for £, and £, are obtained herein for the
special case of a plasma aceelerator in which the
plasma temperature is kept constant and in which
the Lorventz force is parallel to the direction of the
axis of the channel.  First, an expression for [1,
in terms of ry, (and M) is found in the following
manter. The equation just preceding equation
(4) is used to wmtroduce X B into equation (3),
equation (9) 1s used to eliminate vp; in terms of
vy, and v Ty, cquation (6) 1s used to replace wuy
m terms of v-vy, cquation (8) 1s used to eliminate
v 1, and cquation (13) is used to imtroduce M.
The result is that equation (3) is transformed into

Nty (Vg ¥y) - 71 7 1 (V-v5) = j X B-v, (22)
By use of the condition (eq. (11)) that the Lorentz
force has no y-component, equations (22) and (7)
become, respectively,

YM2—1 dry o
Hgin gy o T —{ﬁ{:_lﬂf (23)
dry, . .
Halltals. « 7(/.1'1: Sudu (24)

K=t Brus (25)

This relation was also derived in reference 2.

To find an equation for ., equation (11) is
again used.  The left-hand sides of equations (18)
and (20) are then equal. By equating the right-
hand sides of the equations and effecting consider-
able simplifieation, the desired relation is found to
be

(A ut A +1

12 I=u(l,~

-Bry )
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Then, by use of equation (25
y D) | )

I U—=NuBry; (26)
T A M (M) =

It is of interest to note that another set of condi-
tions can also be used to obtain the same expres-
sion for .. The conditions are

O
Py == a’)/‘ 0

for which, from the y-component of equation (3),
}\‘l']vy: —

This relation, used in conjunction with equations
(19) and (21), also results in equation (26). The
two sets of conditions are, of course, physically
equivalent, masmuch as, if there is no Lorentz
forece in the y-direction, there also should be no
neutral particle velocity in that direction and no
chatige in py in that direction.

When /7, and E, are eliminated from equations
18) {o (21) by the use of equations (26) and (25),
the resulting equations for the veloeity components
of the charged particles are

1 -
/‘l,rzjyﬂ,r:A”' "‘.’,v’*’[‘ﬂ,r (2‘)
AUty

L (LAY

(29)

The last step in solving the equations is to
integrate the z-component of equation (3). If
equation (6) is used n the first term, equations
(9), (8), and (6) are used in the second term, and
equation (11)1s used in the third and fourth terms,
equation (3) can be written as

B[n3 (]{{[':;l:_r ‘BA 12; (1132-

[‘3,1

+"1711(513Tf’1 ) (P, 2— r=0

If equations (10), (13), and (6) are used, then

kT, o - ([['g‘r . o
QB(€13+€>3) ( s ]) [ Cle— Vs, (_,,))

An expression is needed next for ry ,—rs, in terms
of ry .. Equations (27) and (28) yvield the needed

relation:

"3z
T Sl

RIS S AL | G2V §)
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. e €1: . A
Thus, since by definition A="% equation (29)

€23

can be rewritten as

2cBex; ( 1% )\)_
T dr

[ E b 4 1y 1)

r Sdy MY (B30)

Inasmuch as w is a variable, it must be expressed
in terms of M. By defining a constant ¢? as

. maBten” s
T e 31
R B

it can be shown that

AN
" ( (:1,3) VL (32)

Also ¢ can be detined as

g_zaﬂézz(l +X) , O
§= k rlv:‘ I (,;-;)

Then equation (30) becomes

/ O Fa A Gy AP (M)
g (yI1%)?

SAMY (8

Integration yields

it ) 1
“ - 1. . W2 2__ 9D r N
(=0t [’)/J[ 2 log, (v 1) %1/2]
1 i ) R
S LG40 2 log (r113)

"

Under the asswnption that &=0 when v 3=1,
this result becomes

. .2 22 Jog,( : —‘14
O ] A [7-“ 2 log L) 7:112]

L (G 2 log (0119 3] (35)

Il equution (35) is divided through by (A
p-HAwer and equations (31) to (33) are used,
there results

ffffff r oYM 2 log, m[-')—;:?,

1 e g 2log (MY 3
2N M) u? I:”‘” H 0 AR
(36)

where

o— a(l+Ne? (37)
(’)\Jf"ﬂ’*’)\ﬂ‘)fﬂ '
That the quantity o is the conductivily for the
case of no magnetie field is shown in appendix A.
Except for the lasl term on the right, equation (36)
is exactly the same result that is oblained in refer-
ences 1 and 2, if in those references the constant
ol integration is so adjusted that « is zero for

YA? eccual to unity.

In order to arrive at the significance of the last
term 11 equation (36), which does not appear in
the results of previous analvses, the principal
difference between the present and previous analy-
ses musl be considered.  'The main difference lies
in the statement of the electrical power input to
the aceelerator that is used in the energy-balance
equation. In the present aualysis the electrieal
power input is E-j as given by equation (7). In
the previous analyses, the power input E.j was
assumed to be given by equation (A5 of appendix
A, in which the lust term is the rate at which work
is donc by the Lorentz force on the center of nass
of the plasma and the rate of Joule heating is tuken

J'Z

to be *~ KEquation (AH), however, is based on
i ’
g

equation (A4), an approximate form of Ohm's
law. 'To evaluate Joule heating more accurately
requires some  algebraic manipulation, but the
results are interesting. By equation (A1) of ap-
pendix A, Ohm’s law is

i el U owmy.
s=Et L [ B) A (v X B))
Scalar multiplication by j gives

3D g DGRy
S=E g GXB) (viF vy

By use of equations (5) und (11),

.y

B — 0B
==l g, — 3, By s — J, Bler 2 —vs 1)
= A ge— 1, Bry — e Blos ,— v, ) (0 — 04 )
By use of equation (28), this equation becomes

J;. =105, ~ 3, Bos . —ne B ’]j;z‘ oy (02— 1)
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and by use of equation (27),

E =4, B":x,::'}; Fongles (v =y 1) e (00— 1))
(38)

This same result is derived in appendix B by a
more physical line of reasoning.  Equation (38)
shows that the rate of Joule heating, which is the
difference between the power input and the rate
at which the Lorentz force does work on the neu-
tral particles; is given by the two terms on the
right-hand side.  The first of these two terms is
the conventional expression for JJoule heating
when there is no magnetie field, and the quantity
o in this term is the sealar conductivity given by
equation (37). The second term on the right-
hand side can be easily understood from either of
two slightly different points of view. First, it is
recalled that the condition has heen set that the
nel current density j in the accelerator is in the
y-direction.  In the rdirection, the components
of 1on and electron velocities are equal, and thus,
although there is no net current in that direction,
there are actually two equal and opposite currents
along that direction.  If these carrents are defined
relative to the speed of the neutral particles, then,
according to equation (38), the Joule heating due
to the currents is

. 2
i’ . 1? .

()it enl(r)i,
«@ «

or

€23

G2 (o)
e

a(%i
where the subseript 7e/ means relative to o5 .. But
from equation (37) for the case that Coulomb
forces, as accounted for by g, can be neglected
(stnce there 18 no relative velocity between ions
and electrons in the z-direction),

el
g ==
€13
for electrons and
ae?
€2y

for ions. Thus the Joule heating rate due to the

s~components of velocity of the charged particles
sy .,

is /" for the electrons and # for the jons.  From
(28} (2B

a slightly different point of view, it is seen from

equation (38) that the loss (to heat) due to the

slip between the driving and the driven elements
is a function of the velocity difference, just as it is,
for example, in fluid-coupling power transmission
devices.

To return to a discussion of the last term in
equation (36), 1t should be clear that this term
originates from the heating due to the difference
between the z-components of the velocities of the
charged particles and of the neutral particles,
Thus, if #, ;—ws , approaches 0, then the last term
in equation (36) must also approach zero.  That
such is the case can be shown in the following
manner.  The last term in equation (36) is pro-

. 1 .- .
portional to —; but it is scen from the equation
U

immediately preceding equation (30) that, as «
approaches o, ¢ vy, approaches 0.

There is another way of stating the same result,
Equation (41), which is derived in the following
seetion on evaluation of the e terms, shows that,

1 matmy
u ms

2T a3

Thus, the last term in equation (36) vanishes as
worsy approaches 0. The last term therefore is
negligible when wyryy i3 small enough.  “Small
enough’ turns out to be approximately 107
, ) Lo s L
radian, as is shown in figure 4. For this figure,
the last term in equation (36) was written, by
using equation (32), as

2(A—+—)}+’fW (A )2 4y M2 2 Tog, (YM?) 4 3]
Three values of the coeflicient of the quantity
within the brackets were used in figure 4. One
value, zero, corresponds to the less accurate
results obtained in references 1 and 2, in which
the additonal Joule heating term discussed in the

20+ u+aplc?
24
20
16
(rMZ)fIZ
8
4
I D W W G NN G NS SR N S S B O
o] 60 120 ’ 1:10] 240 300
a8,
P3V3‘x

Fraure 1. - Mach number as funetion of length,
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present paper was not taken imto acceount, and
thus corresponds o the case of w.ryy approaching
0. Another value for the coeflicient, 1078
applies  to the example  conditions  discussed
subsequently herein, for which wyryy=1.5>1073
radians when the Mach number is 2. The third
value for the coefficient, 1072, corresponds to
wata3=" 5> 1073 radian when the Mach number is 2.
As the Muach number increases, however, the
density  decreases dll(l thus wsr.; Inereases. At
a Mach number of for example, wyrsy 18 six
times as large as it is at o Mach number of 2.
Figure 4 thus shows that the effect of the additional
source of Joule heating on the dimensionless
fength ol accelerator required (o reach a given
value of Mach number is large lor the larger
values of Mach number if waryy is not small enough.

A similar kind of result is obtained for the
current. density j,.  From equation (28) it can
casily be shown by use of equations (32), (37).
and (41) that

- 'M(lf HI'y
‘,U—“}\Hﬂz\p Vit 1 (y M2 —1)
o BBry ;
1+ Vi
[ 't/\—mxw]“ )
a3y . -
- ! (In,ém,l,
[l * A p ) iyt (a7 a) :I (‘YA r'—

(39)

Here again, if wor2y is small enough, the equation
reduces to that derived in reference 2.

The angle by which the direetion of the average
ion velocity differs from the axial direction is of

.
C2.y

interest.  The tangent of the angle is and

2.r
-

thus, from equations (27) and (28), is

o A ]
Lo VHIN pd M) A 1y M=)

It is of interest at this point to verify two
statements that were made previously.  In view
Lorentz foree depends on
the y-component of . Furthermorve, ¢, can be
shown to be much larger than #,,. Thus, the
equation immediately  preceding  equation  (4)
verifies the statement in the seetion “Preliminary
Buckground Material” that the accelerating foree

of equation (117, the
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on the plasma can be thought of either as being
the Lerentz foree 3B, in which j 15 due prin-
cipally to the flow of electrons, or as being due to
impacts on neutral particles of charged particles
that had been aceelerated by the applied fields.
Furthemore, use of equation (11} makes it easy
to show, by comparing the r-components of the
lust. two terms on the left-hand side of equation
(3) and by using the subsequently developed
fact that ¢z 18 of the order of 1 percent of ey,
that the aceelerating foree on the neutral particles
due to electron impacts is only about 1 percent of
that due to ion impaets. This vesult agrees with
the deseription of the acceleration mechanism
used ite the microscopic analysis, that the ions
produce most of the aceelerating force on the
neutral particles.

It eon also be shown thut one of the results of
the present macroscopic analysis agrees quanti-
tativelr with the corresponding result obtained
by use of the hodograph. IFrom equations (27),
(28), (26), and (41)

_ 7‘3,: o
T At u A ut 1M —1)
B

T(l—nub

(m ,+m,)w,r,,]4,
T (1—=NwmsB

ln +771{)T )§€I4I
l—)\) N

In th e preceding section, the hodograph repre-
sentation for collisions was used to find that
py e e ) Ty
de Mty
If the effeet of collisions between electrons and
neutral  particles is neglected, N vanishes and
the twe results agree exaetly.
EVALUATION OF THE FRICTION FACTORS ¢,
The rietion factors e; that appear in equations
(1) to (3) are given by equation (61.4) of reference

.) as
memy \YE )
) T . (
EE ( Wb j,) Qe (40)
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[t is worth noting that, since kinetie theory shows
the binary collision rate per unit volume between
species 4 and gpecies j to be

. N 2 b m
A,,:A;n,nj(wkl' ',,,,,,,,1) (i

mym;

then
et .
e TT VAT

it -
Somem;

It should be noted that nue;, which reference
5 states has the intuitive gas-kinetie meaning of
the number of collisions per unit volume per unit
time, must be multiplied by (m,+m))/man; to
give that number. Inasmuch as the number of
collisions per jon per unit time with neutral
particles is

a1y

Tiz€n
msms tazs

the mean free time 1s
Mems
( I/Lg*{‘ m 3) Ny€ay

Ta3

Since the evelotron frequeney of the ion is

then
my e

wsT =
Moyt g ey

atd, from the definition of u or equation (32),

my 1
WyTag==-——— -~ — 41
B g u (1)

This result was used in the preceding section,
Equation (40) involves the binary collision rate
as caleulated from thermal velocities.  Although
the equation will be used herein to ealeulate only
&9 atnd the temperature correction to experimental
data for ey, a check should be made to verify that
the collision rate is determined by thermal veloe-
ities and not the transport velocities of the
particles; in other words, it must be shown that
the thermal velocities are much greater than the
relative transport velocities.  This will be done
subsequently for an example set of conditions.
The numerieal evaluation of the e terms poses
some difficulties.  There are three e terms to be
evaluated. One of these is 3 for the collision of
electrons with neutral particles.  An apparvent dif-

ficulty is due to the Ramsauer effect, which enuses
a large variation in @y near the lower energies.
This vartation is illustrated by figure 1.3 of refer-
ence 8, for exumple, in which the collision prob-
ability 2, 18 proportional to the elastic collision
cross seetion @ of equation (40).  The apparent
difficulty in evaluating e lies in the rapid and large
varintion of 5 with veloeity.  This difficulty can
be circumvented by using experimental or theo-
retical results on mobilities or drift velocities of
eleetrons.  The method is simple.  From equation
(1), for vanishingly small values of electron aceel-
eration, clectron pressure gradient, neutral-particle
velocity, and magnetie field, the momentum bal-
ance is

Ny€ 3V — — (‘E
Thus,
e I .
€= — o 42
1 Ny ( )
. (APRN .y .
The quantity [—i is the electron mobility.  Data in

the form of either mobility or drift velocity ean be
used for evaluating .

For the friction factor between ions and neutral
particles e, no quantum (Ramsauer) effects are
mmportant; nevertheless, sinee (,; may be w fune-
tion of velocity and data on @y itself ave very
scarce, restlts on mobilities, if they exist, can be
used again to evaluate ey

e I
E;W_:“;; " (4';)

The other difficulty lies in evaluating €., the
friction factor due to long-range forces between
charged particles, beeause there appears to be no
wholly acceptable theory by which the cross sec-
tion (s can be evaluated.  Reference 5 (section
63) gives the following formula for @, which is
based on Spitzer’s work (for example, ref. 6) and
is simplified here for singly ionized ions:

64
Q.= (e 1) log, A (44)
The difficulty is in the evaluation of A, which con-
tains the limit at which the Coulomb forces can
be considered 1o act.  Reference 6 uses the Debye

shielding distance for which

| 2 <E,,A"I' 3/2
N=lomwy ——..

PERE
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Reference 5 (section 63), on the basis of some ex-
perimental results on an are, uses one-fourth the
distance between ions and obtains

ehT

A=dr (46)

e,y

Numerical evaluation of the e terms for a typieal
set of conditions is desirable in order to establish
orders of magnitude. A nitrogen plasma  at
4,000° K, with dissociation neglected and seeded
2 pereent with cesium, is assumed as an example.
The quantity e depends on the collision frequency,
which depends on the relative velocity of the
neutral particles and the electrons due to their
thermal motions.  On account of the lurge mass
ratio between these two species, however, the
relative velocity due to thermal motions is de-
termined almost wholly by the thermal velocity
of the electrons. In equation (40), the reduced
mass is essentially that of the electron. In this
equation, therefore, T cun be taken to mean 7,
and (3 can be considered to be a funetion of 7.
When ¢y 15 evaluated from data by means of
equation (42}, the dependence of ¢, on 7T, ean
casily be taken into account by using data ob-
tained at the desired value of 7, in this case
1,000° K. As is well known, when electrons
drift through a gas at a steady veloeity in a con-
stant electrie field, as in the experiments that
measure drift veloeity, the temperature of the
clectrons (and here the term “temperature’” is
used to indieate the energy of agitational motion
of the electrons, which are not in thermal equilib-
rium with the neutral gas and which do not have a
Maxwellian  veloeity  distribution)
temperature of the gas by a factor that can he
large even at moderate values of //p.  The data
that are used in equation (42) are taken from
figure 1 of reference 100 These data were ob-
tained at u gas temperature of 293° K. The
rutio of 4,000 to 293 is 13.6.  Figure 7 of reference
11 shows that the temperature of the electrons is
13.6 times that of the natural gas at a value of
Elp of 05 volt/(e)y(mmm Hg) or 0.37 volt-m/
newton.  Figure 1 of reference 10 then shows
that, at this value of /2/p, the experimental value
of r 15 5.1X10° mfsec.  However, the theoretical
Normand value shown in this figure may be
preferable to the experimental value. In the
experiments, the eleetrons at 4,000° K apparently
excite rotation and vibration of the nitrogen

exceeds  the

A ERONAUTICS AND SPACE ADMINISTRATION

molecuies, which are at a much lower temmperature.,
(Evideace for this process is presented and dis-
cussed moref. 9.3 This process mereases the drift
veloeity of the electrons but presumably would
play o much smaller role in a plasma in which
the electrons and the neutral gas were essentially
n equiibrium at the same temperature of 4,000°
K. Thus, the theoretieal curve of drift veloeity
(curve labeled Normand extrapolated to lower
values of Iffp) gives perhaps better values,  (See
fig. 1 of ref. 10.)  This method yields o value of

ry of about 3.3 10% m/see. Thus,
v .
=897 10 newtons/volt-see
Eip
But
ek Ty
Kip K
thus,
Ml 5 oy 24— vali —lape—1
I =2.2>10% m~l-volt "Lscc
and
eld oo o-u 2
€= =730 10 newton-n#-sec
Nl

The moblity of cesium tons in nitrogen is given
on pag: 407 of reference 9 at 18° CC and 760 mm

Hg a

o

[

—1—4,:2.35}( 1074 ¥/ volt-see
Thus,
Tt - .. o — -
;n“”'f.‘).ﬂ <10 mlvolt esee !
and
ell - ;
€= --=27>X10"" newton-misce
Tigl's

This is the value of €5 at 15° (1, The temperature

. iR X X . .
varintion of 7 or of ey, or of (B 1n equation (40),

has apoarently not been determined for cesium
lons in nitrogen cither experimentally or theo-
retically. For the present use, therefore, the effeet
of temperature on thermal veloeity only, and not
on g, is taken into account and vields a value
at 4,001° K of

€3 =1.0X 107" newton-m?-sec

(Fortunately, uncertainties in the value of ey
have a negligible effect on the value of o us ealcu-
Iated from eq. (37).)
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In order to caleulate the friction factor e, for
long-range encounters, A must be caleulated. I
the static pressure of the neutral particles is taken
as 0.1 atmosphere, the temperature as 4,000° K,
and the ionized seed substance as 2-percent mole
fraction of the neutral substance, then, from
equation (45),

log, A=3.93

Actually, this value and the ton density and tem-
A .
perature from which it was ealculated are slightly
bevond the limiting conditions where the theory
. t) .
of reference 6 might be expected to break down.
Equation (46) gives

log, A=2.73

With the result from equation (45), the cross
secetion for long-range encounters is, from equation
(44),

Qp=6.8X10"7 m?

Then, from equation (40),
€2:=3.2 X 107" newton-m?-see

Thus, for the assumed example conditions

A=m7 3%10 4

p=a 641073

€23
From equation (37) the electrical conductivity is
o=720 mhos/in

The dimensionless variable «, ealeulated from
equation (32) for the example conditions, for f3
equal to 1 weber per square meter and a pressure
of 0.1 atmosphere, 1s

Ng€23

U= p])’—=] 15

The quantity w,ms for the saine conditions is,
from equation (41),

ngQ3:1.5\/10_3

The angle between vy, and vy, whose tangent is

Ty

» ecan be caleulated under the assumption that

2,
at the example conditions the Mach number is 2
and yis 1.4. Then it can be shown that foryAP=

the angle is 11°, and for a Mach number of 2 or
more it 1s less than 1 minute.
From equations (27) and (28) it can be shown
that
Py x— Py e =10 —3,,=0.9 mm/sec

71, = —680 m/sec
r2,,=0.50 m/see
The thermal velocity of the electrons

DI RN
l,:(ﬁjL> —4.3510° m/sce

my

.

is enough higher than any of these other velocities
to muke equation (40) casily applicable.

SUMMARY OF EQUATIONS FROM MACROSCOPIC
ANALYSIS

For convenience, the equations that have been
derived as a result of the maeroscopie analysis
are colleeted and listed in the present section.

For the steady-flow plasma aceclerator with
constant cross-secetional area, constant stutic tem-
perature, constant applied magnetie field, Lorentz
force direeted among the channel axis, small degree
of ionization, no friction and no heat transfer, and
y.M? greater than unity, the varintion of A (the
Mach number of the neutral particles) with dis-
tance o along the channel (where 2 18 measured
from the place where yAM? is equal to unity) is
given by equation (36) as

20 32

Psl's, z

. o 1
A 29 loo. (VM) — -
r=~M—2 1(),,,7 ('y \[) MYVE

1 .
T T u e [Y M
2log,(vM?*) | 3
wﬁz’*ﬂﬂlz]

, 1 1
e 29 o ALy —— - T
M 2log, A~y ane e

[(y?)*— 4y 242 log, (M) +3]

In equation (36):

(1) The quantity ¢ is the electrical conductivity
of the plasma when B=0 and v;,=0 and is given
by equation (37) as

~al*(1+N)
a ()\‘HI‘F)\#)fzs

o
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(2) The quantity u is given by equations (32)
and (41) as

1 ¢B
U Ni€y3
mo+mg
= T
ms

and thus when w,ry is small enough the last term
in equation (36) can be neglected.

33 623
FTe B

(4) The quantities e, N\, and u are “Iriction
factors” or functions of them and can be evaluated
from theory or experimental data.

The varnation of »; , with  is found {from equa-
tion (36) and the following equations (eqs. (13),

(12), 2“1({ ((‘)):
(‘YILI )
3 r— my

2‘3.!/:0

(3) From equation (31) the quantity ¢’=+—7r o

T3=Constant

Then the number densities are obtained by use of
equations (6), (10), and 4):

Haly,z =08
=0ty
Na= M
and pg by use of equation (9):
Py="nighk T3
The quantity j, is from equation (11)

Jz=0

SPACE ADMINISTRATION

The remaining variables are then given by equa-
tions (25) to (28) and (39):

Li/ 7‘1 Bldz
o (1—NwubBi, z
SRS CATE)
1
VI TaT
Ty =N = Aury LEz

[ et w1 A=) " 1-A B
- U'.Bl'gz o
- g 2
[ + (x+ﬂ+mu~ ]‘”‘” %

CONCLUDING REMARKS

A theoretical treatment of the steady-flow,
linear, crossed-field, direct-current plasma ace olvr—
ator for inviscid, adiabatic, isothermal, constant-
area flow has been developed from the equations
of motion of the three components of the plasma.
The results arve idealized for the case of no wall
friction and no transfer of heat and specialized to
the case of coustant static temperature and con-
stant sross-scctional area. The effect of the ion
cyclotron angle wpryy (where w, is the ion cyclotron
frequency and 743 the ion mean free time) on Joule
heating rate and accelerator length is shown to be
small c¢nly for values of about 107% radian or less.

LancLey Reseakcn (CENTER,
NATIONAL AKRONAUTICS AND SPACE ADMINISTRATION,
Latcrey A Forcee Basw Va, June I, 1961.



APPENDIX A

GENERALIZED OHM’S LAW

The generalized form of Ohm’s law is easily
obtained from the equations of motion of the
charged particles when the accelerations and the
pressure gradients of the charged particles are
neglected.  Equation (1) is divided by ¢, equa-
tion (2) is divided by es, and the two resulting
cquations are subtracted and simplified. The
result is

%:E-Fl—é—)\[(leB)'F}\("sz)] (A1)

where

. ae’(1 —I‘}\L
T O p ) e (42)

The quantity ¢ is thus the scalar conductivity
defined by Ohm’s law for the case of no magnetic
field:

j=dE (A3)

For cases where the accelerations and pressure

gradients ol the charged particles are negligibly
small, equation (A1) i1s perhaps the most accurate
of the generalized statements of Ohm’s law in
general usage.  liess accurate statements are,
however, frequently used. In reference 12, for
example, the form that was used is exactly equiva-
lent to equation (A1) with A set equal to zero in
the right-hand side of the equation. Inasmuch as
v,<v; and A<<1, the approximation used in
reference 12 18 a very good one.  In reference 2, a
less aceurate approximation was used.  As Ohm's
law, the equation

=E4v.XB (A4)

Q s

was used so that the power input to the accelerator
was
Ej—"1+(jxB)-v. (A5)
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APPENDIX B

JOULE HEATING

In the present appendix, the rate of Joule
heating in the accelerator is derived by a some-
what different reasoning than that used in the
body of this paper.

The rate per unit volume at which the electrie
field does work on the electrons is the dot product
ol the foree per unit volume exerted by the electric
field on the electrons and the velocity of the elec-
trous, that is, the dot product of equation (1)
and v;:

" 11136|3(V1~ v‘;) A ‘{H‘]ll"lfgfl-_g(vl_VQ)'VLj —n lf(E'vl)

Likewise, the rate per unit volume at which the
field does work on the ions is given by the dot
product of equation (2) and v,:

Hottgers (Vo — Vo) - Vo d-tytaey (Vo— V1) - Vo =112 (E- v3)
Adding these two equations yields

Nila€rz(Vi— V) Vi 106 (Vo — Vi) -V,
At ze (Vo= V1) (v, —v) =Ej

- . ! .

Fhe next step is to obtain the rate at which work
is done on the neutral particles. Addition of
equations (1) and (2} gives an equation for j>XXB

18

and the dot product of this equation with v; gives
the vate per unit volume at which work is done
on the neutral particles:
71r1713é13(vl'—V3)'V3+7l‘1713633(v2—v;5‘)'V3:j><B'V3
Then, by subtraction,
Ej _j > B-V;; :71‘171‘36_)3(v1 — V3)2
+ ri ey (Vo — Vi) T b g s (Vo — V)

By the use of equations (11), (12), (28), (5), and
(37), this equation can be transformed to read
Cde— 3 Brs y =m0 (1 N) €30, ;— 15, )2
+rrege (14 Ny 2
- rpngen (14N 2
=nn5(1+ N el (02, — 4. 2)*
Nt Ay

:’7*1"?'3[613 ("1.:“‘ Uy.0) f?;s(/'z, r— U, 1)2]
i
g

which i the same as equation (38).
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